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Abstract 
For an undirected graph G=(V,E), a maximum matching of the line graph L(G) can be 
found in NC 2. 
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This paper shows that the maximum matching problem of the line graph L(G) is 
in NC 2. This result is interesting since in general the maximum matching problem 
is in RNC [3], and not known to be in NC. We prove this result by the simple 
observation that a cover of G by 2-chains gives a maximum matching of its line graph 
L(G). Previously, Masuyama nd Ibaraki [4] gave a polynomial-time algorithm for this 
problem by using a depth-first search tree, which was however inherently sequential 
(RNC) [1]. Our idea is based on the parity check property derived from the number 
of descendants of vertices in a tree. 
Given an undirected graph G=(V,E), a matching is a set of edges M such that 
no two edges of M are adjacent. A maximum matching is a matching M such that 
IMt is maximum. A 2-chain is a simple path of length 2. For a graph G=(V,E), a 
2-chain cover of G is a set of edge-disjoint 2-chains which covers the edges of E. 
A graph L(G) is defined to be the line graph of G if each vertex of L(G) represents an 
edge of G and two vertices are adjacent in L(G) if they represent adjacent edges of G. 
We remark that a 2-chain of G corresponds an edge of L(G) and hence a 2-chain 
cover of G gives a matching of L(G). 
First, we consider the graph G = (V,E) as a rooted tree T = (Vr,Er) in which the 
root is of degree 1 in the following way: Let S be a spanning tree of G and let 
X={xl, . . . ,Xk} be the set of non-tree edges in G (E=Xt_JS). We first define Vr 
by adding k new vertices {al . . . . .  ak} to V: Vr= VU{al . . . . .  ak}. Then we replace 
each non-tree edge xi by a new edge Yi such that one endpoint of Yi is ai and the 
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other endpoint of Yi is an endpoint of xi (arbitrarily chosen from the two endpoints). 
Let Y = {yl, Y2 . . . . .  yk} be the set of new edges. Then we define Er by the union 
ET = Y tA S and consider any vertex of degree 1 in T as a root. Obviously, T has the 
same number of edges as G. 
Second, we compute the number of descendants for each vertex in T. Let f(v) be 
the number of descendants of a vertex v in T (not including v). Let {Vh VZ .. . . .  Vn} be 
the children of v. Then we have the following property: f(v) is odd if and only if 
[{vi[ f(vi) is even}[ is oaa This follows from 
f(v)--n + ~ f(vi) + ~ f(vi), 
f(vi) is even f(vi) is odd 
where vertex v is not its own descendant. Clearly, f(r) = IE[ holds for the root r of T. 
Finally, we can get a maximum 2-chain cover of G by the parity of f(v) using the 
above property in the following manner. 
Let v be a vertex in T except he root r and the leaves. 
(1) If  f(v) is even, we can get the edge-disjoint 2-chains by using all edges in 
{(v, vi)[f(vi) is even}. 
(2) If  f(v) is odd and z is the parent of vertex v, we can get the edge-disjoint 2-chains 
by using all edges in {(z, v)} tA {(v, vi)lf(vi) is even}. 
By means of (1) and (2), if the number of descendants of the root f(r)  is even, 
we always produce a 2-chain cover of all edges in G (as we can identify T with G). 
Since the size of a 2-chain cover of G is [E]/2, a perfect matching of L(G) is obtained. 
In the same way, if the number of descendants of the root f(r)  is odd, we always 
produce a 2-chain cover of all edges of G except exactly one edge adjacent o the 
root r (whose degree is 1). In this case, we also obtain a maximum matching of L(G), 
but not perfect. 
Complexity: The first step is the same complexity of computing a spanning tree of G. 
So that it takes O(logn) time using O(n + m) processors on a CRCW PRAM, where 
n = I vI and m = [E I [5]. The second step is the complexity of computing the number 
of descendants of each vertex of T. It takes O(logm) time and O(m) processors on a 
EREW PRAM [6]. The class of problems olvable by CRCW PRAM in time O(log n) 
using a polynomial number of processors i  included in NC 2 [2]. 
Therefore a maximum matching of line graphs can be found in NC 2. 
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